As an effective model corresponding to Z3-symmetric QCD (Z3-QCD), we construct a Z3-symmetric effective Polyakov-line model (Z3-EPLM) by using the logarithmic fermion effective action. Since Z3-QCD tends to QCD in the zero-temperature limit, Z3-EPLM also agrees with the ordinary effective Polyakov-line model (EPLM) there; note that (ordinary) EPLM does not possess Z3 symmetry. Our main purpose is to discuss a sign problem appearing in Z3-EPLM. The action of Z3-EPLM is real, when the Polyakov line is not only real but also its Z3 images. This suggests that the sign problem becomes milder in Z3-EPLM than in EPLM. In order to confirm this suggestion, we do lattice simulations for both EPLM and Z3-EPLM by using the reweighting method with the phase quenched approximation. In the low-temperature region, the sign problem is milder in Z3-EPLM than in EPLM. We also propose a new reweighting method. This makes the sign problem very weak in Z3-EPLM.
I. INTRODUCTION
Exploration of the QCD phase diagram at finite temperature T and quark-number chemical potential µ is one of the most challenging subjects in particle and nuclear physics, as well as in cosmology and astrophysics. For µ = 0, lattice QCD (LQCD) simulations as a first-principle calculation are well established and yield much knowledge on hot-QCD matter. For finite µ, however, there is well-known difficulty in LQCD; namely, the so-called sign problem. At finite µ, effective action S eff , which is obtained after the integration of the quark fields in the grand canonical partition function, is complex in general, and we cannot regard e −S eff as the probability function that determines the realization probability of gauge configurations. This makes the importance sampling method impractical. To evade the sign problem, several approaches, e.g., the reweighting method [1] , the Taylor expansion method [2, 3] and the analytic continuation from imaginary µ to real µ [4] [5] [6] [7] [8] [9] were used. Recently, great progresses were made by the complex Langevin simulation [10] [11] [12] [13] [14] [15] and the Picard-Lefschetz thimble theory [16] [17] [18] [19] . However, particularly for the region of µ/T > 1 in µ-T plane, our understanding of the QCD phase diagram is still far from perfection.
It is expected that Z 3 symmetry plays an important role in solving the sign problem. It was conjectured [20] that the center-dressed quark undergoes a new phase with the FermiEinstein condensation in cold and dense matter, and the phenomenon is a key to the solution of the Silver Blaze problem [21, 22] . It was shown that, by using the properties of Z 3 group, an effective center field theory with the sign problem can be transformed into a flux model with no sign problem [23, 24] . In Ref. [25] , it was suggested that the sign problem in full QCD with no exact symmetry may be cured to some extent by using Z 3 -averaged subset method. However, these methods are not adequate to solve the sign problem in QCD completely.
In the pure SU(3) gauge theory, Z 3 symmetry is exact and governs the confinement-deconfinement transition. The Polyakov-line (loop) [26] is defined as an exact order parameter of the confinement-deconfinement transition. However, in full QCD with dynamical quarks, Z 3 symmetry is not exact anymore, and it is not trivial that the Polyakov line is an order parameter for the confinement-deconfinement transition [27] . In order to study the relation between the confinement-deconfinement transition and the Polyakov line, Z 3 -symmetric QCD-like theory was proposed in Refs. [28] [29] [30] [31] [32] . We call the theory Z 3 -QCD in this paper. Z 3 -QCD was studied at first by the effective model [28] [29] [30] [31] [32] , and QCD simulations were recently made for µ = 0 [33] .
It was conjectured [32] that the sign problem is milder in Z 3 -QCD than in the ordinary QCD. The study of the sign problem in Z 3 -QCD is important, since Z 3 -QCD tends to three-flavor QCD in the limit T → 0. To examine the conjecture, Hirakida et al. [34] constructed a Z 3 -symmetric 3D Potts model as a toy model of Z 3 -QCD, and studied a sign problem appearing in the model. It was found that the sign problem in the Z 3 -symmetric 3D Potts model is much milder than in the ordinary 3D 3-state Potts model [35] [36] [37] with no Z 3 symmetry, even when several states are included in the calculations together with three Z 3 -elements. However, the correspondence between Z 3 -QCD and the Z 3 -symmetric 3D Potts model defined in Ref. [34] is only qualitative.
In this paper, we construct a Z 3 -symmetric effective Polyakov-line model (Z 3 -EPLM). The Z 3 -EPLM is an effective model for Z 3 -QCD in the heavy-quark and high-density limit, and is closer to Z 3 -QCD than the Z 3 -symmetric 3D
Potts model. First, we show that the fermionic part of Z 3 -EPLM action can be expressed by "cubic Polyakov line" that is invariant under the Z 3 transformation. Second, we find that the confinement state and the three deconfinement states based on Z 3 symmetry are degenerate in Z 3 -EPLM, when the pure-gauge contribution is neglected in the path integral. Doing lattice calculations based on the reweighting method with the phase quenched approximation, we conclude that, at low temperature, the sign problem is milder in Z 3 -EPLM than in EPLM with no Z 3 symmetry. Finally, we propose a new reweighting method. This method reduces the sign problem considerably. In particular, the problem becomes very weak in Z 3 -EPLM.
This paper is organized as follows. In Sec. II, we review the formalism of Z 3 -QCD. In Sec. III, we formulate Z 3 -EPLM, and also discuss how important the particle-hole (P-H) symmetry [38] is in EPLM. In Sec. IV, the reweighting methods we use are explained. Numerical simulations are done for the models in Sec. V. Section VI is devoted to a summary.
II. Z3-QCD
In this section, we review the formalism of Z 3 -QCD [28] [29] [30] [31] [32] [33] [34] . The grand canonical partition function of three-flavor QCD with a common quark mass m, quark-number chemical potential µ and temperature T (= 1/β) is given by
where
with the quark field q, the gluon field A a µ , the gauge coupling g and the Gell-Mann matrices λ a . The temporal anti-periodic boundary condition on the quark field is given by
while the gluon field A a µ obeys the periodic boundary condition in the temporal direction. Note that q is a vector also in flavor space. Hereafter, we denote each flavor component of q as q f .
The Lagrangian density L G + L F is invariant under the Z 3 transformation,
where U = exp (iα a (x 4 , x)λ a /2) is an element of SU(3) group characterized by real functions α a (x 4 , x) satisfying the temporal boundary condition
for any integer k. However, the condition (8) on the quark field is changed by the Z 3 transformation (9) into
Thus, in full QCD with dynamical quarks, Z 3 symmetry is explicitly broken through the quark boundary condition. To recover Z 3 symmetry, one can consider the flavor dependent twist boundary condition (FTBC) [28] [29] [30] [31] [32] ,
instead of the condition (8) . Here, the flavor indices are represented by the number −1, 0, 1 for convenience. Under the Z 3 transformation (9), the FTBC (12) is transformed into
The transformed boundary condition (13) returns to the original one (12) by relabeling the flavor indices f −k as f . Hence, the QCD-like theory with the FTBC (12) is invariant under the Z 3 transformation. In this paper, this theory is referred to as Z 3 -QCD. It should be noted that Z 3 -QCD agrees with original QCD in the limit T → 0, since the boundary condition is not relevant in this limit. When the quark fields q f are transformed into [39] 
the FTBC (12) returns to the ordinary anti-periodic boundary condition (8) . However, the quark part L F of the Lagrangian density is changed into
is the flavor-dependent imaginary chemical potential normalized by T . (In the pioneering work of Ref. [40] , Hasenfratz and Toussaint introduced the fictitious flavor-dependent imaginary chemical potential to make the non-zero triality sectors of canonical partition function vanish more rigidly in LQCD simulations. ) The flavor-dependent imaginary chemical potential partially breaks flavor SU(3) symmetry. In the chiral limit m → 0, due to the existence ofθ, global [30] . The remaining symmetry is broken into (U V (1)) 2 , if chiral symmetry is spontaneously broken. Recently, the FTBC was also discussed in the context of spontaneous chiral symmetry breaking [41, 42] .
III. Z3-SYMMETRIC EFFECTIVE POLYAKOV-LINE MODEL
A. Effective Polyakov-line model
In this section, we formulate Z 3 -symmetric EPLM and examine its properties. Before going to the discussion, we first review the ordinary EPLM. The grand canonical partition function of EPLM is given by [11, 15] 
where U x is the Polyakov-line (loop) holonomy and the symbol i is an unit vector for i-th direction. The site variable x runs over a 3-dimensional lattice.
The constant parameter κ is related to temperature T = 1/β. Roughly speaking, large (small) κ corresponds to high (low) temperature [35] , but the relation is not so simple. In this paper, we treat κ just as a parameter independent of T , while the other parameters with the energy dimension are always normalized by T . In Ref. [15] , a more-complicated form with a lot of parameters is used for the gauge action S G , but we take a simple form as in Ref. [11] in order to know qualitative properties of the phase structure and the sign problem of this model in a wide range of the parameter set. Using the temporal gauge, we parameterize U x as [15] 
with the condition ϕ r,x + ϕ g,x + ϕ b,x = 0, and define the (traced) Polyakov line (loop) P x and its conjugate P * x as
In this paper, instead of U x and U † x , we treat the phase variables ϕ r,x and ϕ g,x as dynamical variables. The Haar measure DU in the path integral (17) is rewritten into [15] DU = e −SH(ϕr,x,ϕg,x) Dϕ r,x Dϕ g,x ;
Note that, for simplicity of notation, we use dimensionless volume V = N 3 s and dimensionless Lagrangian density L, where N s is the number of lattice sites in one spatial direction. Hereafter, for simplicity, we refer to this three-flavor EPLM with no Z 3 symmetry as EPLMWO.
For the fermionic Lagrangian density, we consider a logarithmic one of Ref. [15] :
, (27) where M is the quark mass. It is easily seen that, in the limit M → ∞, L F becomes real at µ = M , since e β(µ−M) = e 2β(µ−M) = 1 and e −β(µ+M) = e −2β(µ+M) = 0 in the last line of Eq. (27) . As seen below, the reality of L F at µ = M is related to the particle-hole symmetry in EPLM.
B. Particle-hole symmetry
The particle contribution in L F can be rewritten into
The term 6N f β∆µ in the last line of (28) does not depend on the dynamical variable ϕ c,x and does not contribute to the expectation value of physical quantities. Hence, the relation
is effectively satisfied. Furthermore, since the antiparticle contribution in L F is negligible in the limit M → ∞, we obtain
O that does not depend on the sign of ϕ c,x and has no explicit µ dependence. This relation is nothing but the particle-hole (P-H) symmetry [38] . From this symmetry, one can easily derive the relation
It should be remarked that the effects of spatial momenta of quarks make the P-H symmetry invisible. In fact, in the Polyakov-loop extended Nambu-Jona-Lasinio (PNJL) model [43] [44] [45] [46] [47] , the quark-loop contribution Ω PNJL,F of the thermodynamical potential density is given, under the mean field approximation, as
is the absolute value of quark spatial momentum, and φ c is similar to ϕ c,x but does not depend on the spatial coordinate x. Up to the factor µ − E p that does not depend on φ c , the logarithmic function log 1 + e β(µ−Ep) e iφc is symmetric under the transformation, µ = E p − ∆µ → µ = E p + ∆µ and φ c → −φ c , but the location of the symmetric point µ = E p depends on p. Hence, the symmetry is invisible when the integration over p is performed. The symmetry does not appear explicitly in QCD where quarks have spatial momenta. Therefore, the appearance of the explicit P-H symmetry indicates the limitation of EPLM. The EPLM is considered to be valid as an effective model of QCD only in the region where µ is not much larger than M .
C. Z3-symmetric effective Polyakov-line model (Z3-EPLM)
Since the traced Polyakov line is not invariant under the Z 3 transformation, the Lagrangian density (27) is not invariant under the Z 3 transformation. To preserve Z 3 symmetry, we consider the three-flavor case and introduce the flavordependent imaginary chemical potential iθ
where "(traced) cubic Polyakov-line" Q x and its conjugate Q *
x are defined by
It is easy to derive
From (33) and (34), it is clear that, in L F,Z3 , the degeneration between the "deconfinement" gauge state with P x = 1 and the "confinement" state with P x = 0 [30] occurs, since Q x = Q * x = 1 in both the states. Note that the cubic Polyakov line is not an order parameter of the confinementdeconfinement transition, since it is invariant under the Z 3 -transformation. This property of Q x resembles that of the Polyakov line P adj x in the adjoint representation [30] . However, there is an essential difference between them. In fact, P adj x is related to P x as
Hence, it is Z 3 -invariant and real. However, Q x is Z 3 -invariant but not real in general. The sign problem exists in Z 3 -EPLM, since Im [Q x ] can be finite. We also remark that, as in the case of the ordinary EPLM, Z 3 -EPLM has the explicit P-H symmetry that does not appear in Z 3 -QCD itself. Hence Z 3 -EPLM is also valid as an effective model of Z 3 -QCD only in the region where µ is not much larger than M .
D. Fermion potential in EPLM
In this subsection, we examine properties of the fermion potential L F in EPLM. Note that the Lagrangian density or the potential is dimensionless in our definition.
In Fig. 1 , the values of P x and Q x are shown in their complex planes. At first glance, Q x has the same structure as P x in the complex plane. However, there is an essential difference between them. In the complex plane of P x , points (−1/2, ± √ 3/2) are Z 3 -images of a deconfinement state P x = 1 = (1, 0). However, in the complex plane of Q x , points (−1/2, ± √ 3/2) are not Z 3 -images of P x = 1. The Z 3 -images of P x = 1 are degenerate with P x = 1 that corresponds to point (1, 0) in the complex plane of Q x .
Furthermore, as already mentioned in the previous subsection, the confinement state P x = 0 is also degenerate with P x = 1 corresponding to point (1, 0) in the complex plane of Q x . More generally, the states P x = be ±i2π/3 (b = −1/3 ∼ 1) are degenerate with P x = b corresponding to the real axis in the complex plane of Q x . In (a), three vertices correspond to the deconfinement points (1, 0), (−1/2, √ 3/2) and (−1/2, − √ 3/2), while they are degenerate at the point (1,0) in (b). In (b), the confinement point is also degenerate with the three deconfinement points. In Z3-EPLM, the sign problem is severest at the blue circles.
In the complex Q x plane, the origin corresponds to a configuration (ϕ r,x , ϕ g,x , ϕ b,x ) = (2π/9, −2π/9, 0) and its Weyl symmetry transformations, and points (−1/2, ± √ 3/2) correspond to configurations (ϕ r,x , ϕ g,x , ϕ b,x ) = (±2π/9, ±2π/9, ∓4π/9) and their Z 3 and/or Weyl symmetry transformations. The latter points are denoted by the solid circles in Fig. 1 . At these points, the absolute value of Im[Q x ] becomes maximum and the sign problem is severest in Z 3 -EPLM when these states are favored.
Since P x can be complex in general, the reality of the action is not ensured at finite µ and a sign problem occurs in EPLM. However, for simplicity, we ignore the effects of imag-
If the sign problem is serious, the following discussion may not be applicable. We will discuss the sign problem in EPLM and Z 3 -EPLM in Sec. IV B.
In Fig. 2 , the real part Re[L F ] of EPLMWO is shown in ϕ r,x -ϕ g,x plane. It should be noted that, in addition to points (configurations) shown in Fig. 2 , there are the configurations that are obtained from configurations presented in Fig. 2 by performing the Weyl-symmetry transformation. It is seen that Re[L F ] takes a minimum at the origin where P x = 1. Therefore, probabilistically, the deconfinement state is more favorable than the confinement state if only the fermion potential is considered. Note that Z 3 -images of the origin, namely, points (ϕ r,x , ϕ g,x ) = (2π/3, 2π/3), (−2π/3, −2π/3) are not favored by the fermion potential, since Z 3 symmetry is explicitly broken.
The qualitative properties of L F , mentioned above, is independent of µ, but the relative energy
There are nine minimum points for each panel.
The minimum points (ϕ r,x , ϕ g,x ) = (−2π/3, −2π/3), (0, 0), (2π/3, 2π/3) correspond to the deconfinement state and the other six points correspond to confinement state. These nine states are degenerate. The relative energy-difference ratio R between maximum and minimum values of Re[L F,Z3 ] is very small when µ = M .
The degeneracy of the confinement and deconfinement states in the fermion effective action has a very important meaning. It means only the pure gauge contribution determines which configuration is probabilistically favorable. Figure 4 shows L H in ϕ r,x -ϕ g,x plane. It is seen that L H has a minimum at confinement points. Hence, the confinement state is favored in Z 3 -EPLM with N s = 1, since there is no kinetic term in that case.
In the case of EPLMWO, even in the case of N s = 1, the situation is more complicated. In this case, S H favors the confinement state, while S F does the deconfinement one as mentioned above. Which state is favored? It depends on parameters taken in the model. If M is large and µ is smaller than M , the confinement state is favorably realized, since the difference
] is suppressed by the large M . Meanwhile, if µ is larger than M , the contribution of ∆L F,R may be large enough to realize the deconfinement state.
In EPLM with N s > 1, the gluon kinetic term S G with parameter κ exists. Since S G favors an ordered deconfinement configuration, the deconfinement phase is realized as an ordered phase when κ is large.
It should be remarked that, when N s > 1, the spatial average valueP = 1 V x P x can be zero even if P x = 0. In fact, as seen later in Sec. V A, such a cancellation does happen at small κ and µ. In this case, the confinement phase appears as a random phase in which P x fluctuates largely. Note that, in EPLM, the confinement state P x = 0 and the deconfinement state P x = 1 preserve the reality of the action. Particularly for Z 3 -EPLM, the Z 3 -images of P x = 1 also preserve the reality. However, fluctuations of P x in the random phase cause the sign problem when µ increases. 
IV. REWEIGHTING METHODS

A. Phase quenched approximation and reweighting method
Since, at finite µ, both EPLMWO and Z 3 -EPLM have the sign problem in its path integral formalism, we use the phase quenched approximation (PQA). Using the approximate probability function F ′ /Z ′ , we calculate the approximate average value of a physical quantity O as
The phase factor W ′ is given by
where S F,I = Im[S F ]. Taking the partial average of two configurations (ϕ r,x , ϕ g,x ) and (ϕ
. Hence the phase factor is real and |W ′ | ≤ 1 is satisfied. Using the reweighting method, one can obtain the true expectation value O as
In this paper, we refer this reweighting method as "phase quenched reweighting (PQRW)". If cos (S F,I ) can have a negative sign, the absolute value of the phase factor (38) becomes small due to the cancellation between the configurations with positive cos (S F,I ) and those with negative cos (S F,I ). In actual simulations, the smallness of the absolute value of W ′ causes large errors in the division (39) and makes the calculation results unreliable. Hence, in PQRW, the phase factor W ′ indicates how serious the sign problem is.
B. Sign problem in EPLM
In order to see the fact that the sign problem is milder in Z 3 -EPLM than in EPLMWO, we examine the imaginary part of the fermionic potential. Figures 5 and 6 show the Re[L F ]-Im[L F ] relation for three-flavor EPLMWO and Z 3 -EPLM, respectively. We set µ = 0.95M , since the sign problem is severest in the vicinity of µ = 0.95M (or 1.05M ), as seen in the next section. Both the figures have qualitatively the same structure, but their physical meanings are much different. In Z 3 -EPLM, the confinement state P x = 0 and the deconfinement states P x = 1, e ±i2π/3 are degenerate on the left vertex where the sign problem is absent and e −Re[LF,Z 3 ] is largest. Meanwhile, in EPLMWO only the state P x = 1 is present on the left vertex. More generally, the states P x = b and P x = be ±i2π/3 ] themselves, however, are much smaller in Z 3 -EPLM than in EPLMWO. The latter property comes from the fact that the mass M present in L F,Z3 is always multiplied by a factor of 3 and the absolute value |L F,Z3 | is more suppressed than |L F |. In Fig. 5 (Fig. 6) , we see that the maximum value of the absolute value of 
C. Improved reweighting method
In order to improve PQRW, we assume that the realization probability of the configuration with S R and S I is well approximated by the probability distribution function proportional to e −SR e −αS 2 I , where α is an appropriate parameter that may depend on κ, µ and N s . In fact, Ejiri studied the distribution of the phase of the quark determinant by using the Taylor expansion method and found that it can be well approximated by a Gaussian function [48] . Similar analysis was made with the strong coupling expansion method [49] .
We consider the following approximation:
In actual simulations, we treated α as a variable parameter and searched a best value for α.
As shown in the case of PQRW, the ratio
given by
Taking the partial average of two configurations (ϕ r,x , ϕ g,x ) and (ϕ
, we obtain [34] W ′′ = Dϕ r Dϕ g cos (S F,I )e 
This reweighting method is referred to as "improved phase quenched reweighting (IPQRW)" in this paper.
D. Observables
In numerical calculations, we consider the following quantities as observables. First, we consider the spatial averageP of P x : Namely,P
We calculate the expectation value of |P |, since this quantity defines random and ordered states in the system and plays a role of the expectation value of Polyakov-line in QCD.
Another quantity is the quark number density given by
whereμ = µ/T . LQCD at finite µ has the problem on the early onset of quark number density [21] or the baryon Silver Blaze problem [22] . The quark number density n q should be zero at T = 0 for µ < M N /3, where M N is the nucleon mass. However, it becomes finite in LQCD calculations for µ > m π /2 when PQRW is used, where m π is the pion mass. Therefore, n q is also useful to check whether our simulations are reliable or not.
V. NUMERICAL RESULTS
In this section, we present numerical evaluations of the phase factor W ′ (or the factor W ′′ ) and the expectation values of |P | and n q . Our simulations were made by using the standard Monte Carlo algorithm. We consider three cases of N s = 6, 8, 12. We also set M/T = 10 in this section, unless otherwise mentioned.
A. Results at µ = 0
First we discuss the case of µ = 0, since LQCD simulations have no sign problem there. Hence, the reweighting procedure is not needed. In Fig. 7 , the κ-dependence of |P | is shown for Z 3 -EPLM. As κ becomes large, |P | increases. There is a rapid change of |P | at κ ∼ 0.13. The change seems to show a first-order phase transition, but we postpone our conclusion on the order since N s in our simulations is not large enough to determine the order of the transition. Figure 8 shows a sample of scatter plots of P x at µ = 0 for the case of Z 3 -EPLM. Note that any configuration sum is not taken in Fig. 8 . Even in one configuration, at κ = 0, P x widely distributes in the complex plane and P x = 0 is not always ensured. However, the spatial averageP almost vanishes due to the cancellation among variables P x on different lattice sites. At large κ, an ordered configuration of P x is favored, andP x ≈ 1, e ±i2π/3 is realized. Similar result is obtained in EPLMWO, since the effect of the fermion action is small at µ = 0 and Z 3 symmetry is almost preserved when M is large. If we use smaller mass M = 5T , the configurations of P x at large κ are concentrated only in the vicinity of P x = 1, since Z 3 symmetry is largely broken in EPLMWO with smaller M .
B. Phase quenched reweighting
EPLMWO and Z 3 -EPLM have the sign problem for finite µ. Hence, we use the reweighting method here. are shown. Figure 9 shows the phase factor for EPLMWO, where PQRW is used. Due to the P-H symmetry, in µ-κ plane, the result is almost symmetric with respect to the line µ = M . It is seen that the sign problem is serious when µ/M = 0.5 ∼ 1.5 and κ < 0.15. For µ = M , however, S F is real and the phase factor is 1, as already mentioned in Sec. III A; note that these properties are not clearly seen in Fig. 9 . The ratio W ′′ /W ′′ in EPLMWO, where IPQRW is used. We set α = 3.5 and Ns = 6. Figure 11 shows W ′′ normalized byW ′′ for EPLMWO, where IPQRW is used. Note that the absolute value of the normalized W ′′ is not larger than the unnormalized one, sincẽ W ′′ ≥ 1 is ensured. Comparing it with the W ′ obtained by PQRW, we can find that the absolute value of the normalized W ′′ becomes somewhat large. However, it is still considerably small when µ/M = 0.6 ∼ 0.14 and κ < 0.12 except for the line µ = M . Figures 12 shows the µ dependence of W ′ and W ′′ for EPLMWO. In the region µ/M = 0.6 ∼ 1.4, the ratio W ′ in PQRW is close to zero except for the case of µ = M , when κ = 0 and 0.09. In the same region, the ratio W ′′ in IPQRW lies between 1 and 2 but it fluctuates to some extent.
Figures 13 shows the µ dependence of n q for EPLMWO. In the region µ/M = 0.6 ∼ 1.4 with κ = 0 and 0.09, due to the smallness of W ′ , the density n q has a large error when PQRW is used, except for the case of µ = M . When IPQRW is used, the error of n q are small in the same region. In the figure, it is also seen that the N s dependence is small when IPQRW is used. Figures 14 shows the µ dependence of |P | for EPLMWO. As in the case of n q , in the region µ/M = 0.6 ∼ 1.4 with κ = 0 and 0.09, due to the smallness of W ′ , the expectation value |P | has a large error when PQRW is used, except for the case of µ = M . When IPQRW is used, the error of |P | are small. Again, the N s dependence is small, when IPQRW is used. Figure 15 shows the W ′′ normalized byW ′′ for Z 3 -EPLM, where IPQRW is used. The normalized W ′′ is close to 1 even in the vicinity of µ = M . Even for small κ, the sign problem almost vanishes. Figure 16 shows the µ dependence of W ′ and W ′′ for Z 3 -EPLM. For all the cases of κ, in the vicinities of µ/M = 0.95 or 1.05, the ratio W ′ in PQRW is close to zero. In the same region, the ratio factor W ′′ in IPQRW is close to 2. Figure 17 shows the µ dependence of n q for Z 3 -EPLM. In the vicinity of µ/M = 0.95 and also of µ/M = 1.05, due to the smallness of W ′ , the density n q has a large error except for the case of µ = M when PQRW is used. When IPQRW is used, the error of n q is small. It is also seen that the N s dependence is small, when IPQRW is used. Figure 18 shows the µ dependence of |P | for Z 3 -EPLM. For κ = 0 and 0.09, the mean value of |P | almost vanishes for any µ. In the vicinity of µ/M = 0.95 and also of µ/M = 1.05, due to the smallness of W ′ , the expectation value |P | has a large error when PQRW is used, except for the case with κ = 0 or 0.09 and N s = 6, where the numerator of the last line in Eq. (39) vanishes almost completely. When IPQRW is used, the error of |P | are small. The N s dependence is small in the figure when IPQRW is used. In the calculations mentioned above, the µ dependence of n q at κ = 0 in Z 3 -EPLM is somewhat different from in EPLMWO. This result seems to be inconsistent with the expectation that Z 3 -EPLM tends to EPLMWO when T → 0. However, in the calculations shown above, we have taken the case of M/T = 10. In the limit T → 0, we should consider the limit M/T → ∞ at the same time to put κ = 0. In Figs. 19 and 20, the µ dependences of the phase factor and n q at M/T = 30 and κ = 0 are shown in both EPLMWO and Z 3 -EPLM, where PQRW is used. We see that the sign problem is very weak everywhere in Z 3 -EPLM while it is still strong at µ/M ∼ 0.95 in EPLMWO. The quark number density n q in EPLMWO almost coincides with that in Z 3 -EPLM when the sign problem is weak in EPLMWO. This result indicates that Z 3 -EPLM tends to EPLMWO in the limit T → 0. We also see that n q (µ) is close to 18Θ(µ − M ) in Z 3 -EPLM, where Θ(x) is a step function and 18 is the degree of freedom of quark. This suggests that the early onset of n q does not appear at low T for the case of Z 3 -EPLM.
VI. SUMMARY
In summary, we have studied the sign problem in the Z 3 -symmetric effective Polyakov-line model (Z 3 -EPLM). In Z 3 -EPLM, the confinement state of P x = 0 and the three deconfinement states based on Z 3 symmetry degenerate, when the pure gauge contribution is neglected. In other words, the pure gauge contribution is important to determine which state is more favorable. The Haar measure term favors the confinement state, while the gluonic kinetic term does the ordered deconfinement configurations.
In the confinement phase where the effect of gluonic kinetic term is small, the confinement state of P x = 0 is favored but finite P x is also realized to some extent as the fluctuations. However, the realized probability P x is almost Z 3 -symmetric even in one configuration, and consequently, the spatial averageP = x P x almost vanishes. Meanwhile, in the deconfinement phase, the ordered configuration is favored and the spatial averageP is finite in one configuration. Due to Z 3 symmetry, the configuration average P vanishes but |P | does not.
Z 3 -EPLM has no sign problem, when either the confinement state or the three deconfinement states are realized. This is because P x is real in both the confinement and deconfinement states. In fact, this happens in the case of Z 3 -symmetric 3 or 4 states Potts model [34] .
In both the random confinement phase and the intermediate phase, however, P x fluctuates considerably and has finite imaginary part. Hence, Im[S F ] is finite for finite µ. This causes a sign problem. Nevertheless, due to the reality of the confinement and the deconfinement states mentioned above and the smallness of Im[S F ], the sign problem is expected to be considerably milder in Z 3 -EPLM than in the ordinary EPLM with no Z 3 -symmetry. In fact, the results obtained by the phase quenched reweighting method show that the sign problem is considerably milder in Z 3 -EPLM than in the ordinary EPLM with no Z 3 -symmetry when κ is small.
We have also proposed the new reweighting method to include the contribution of the imaginary part of the fermion effective action into the approximate distribution function. The new method makes the sign problem somewhat milder. Particularly for in Z 3 -EPLM, the sign problem is very weak at small κ. It is also found that the results depend on N s only weakly when the improved reweighting method is used.
Our results also indicate that the early onset of quark number density n q does not appear in Z 3 -EPLM, when T is small. However, it may not be the case of Z 3 -QCD. The effective Polyakov-line model has the dynamics related to the Polyakov-line but is not expected to include the chiral dynamics in the calculation, since the quark mass is very large. In LQCD calculations, the pion-condensation-like phenomena appear as an artifact for finite µ, when the phase quenched reweighting is used. This artifact induces the problem on the early onset of quark number density [21] or the baryonnumber Silver Blaze problem [22] . In the improved reweighting method proposed in this paper, contributions of the imaginary part of the fermion action are included into the approximated probability function to some extent. This improvement may avoid the artifact mentioned above. It is very interesting to check whether this new method works well or not in LQCD simulations, particularly in lattice Z 3 -QCD.
